Abstract: This paper proposes a simple innovative formula for the calculation of the magnetic field generated by a single and a double circuit twisted three-phase power cable line. The formula results a good approximation of the rigorous analytical one and at the same time is much more accurate than the approximated formula found in literature, as demonstrated by some cases of a twisted three-phase power cable used for power distribution at the medium voltage level. The effectiveness of this simple innovative formula is also examined in the case of a double-circuit twisted three-phase power cable line following the 'worst case' approach and concluding at proposing an approximate expression for the total magnetic field generated by both twisted three-phase power cables.
Introduction
Twisting of phase conductors is frequently used in medium voltage (MV) and low voltage (LV) power cables. For example, twisted cables are often employed for connecting windgenerators and photovoltaic systems with the distribution grid. Computing the magnetic field close to a three-phase twisted cable is essential for the evaluation of its impact on the adjacent sensitive receptors [1] , as well as for the determination of the distance at which a maximum limit value of the rms magnetic induction is reached [2] . The exact (analytical) expressions of the radial and binormal components -in helical coordinates -of the rms magnetic induction field generated by twisted three-phase cables, along with the resulting total magnetic field, are based on infinite-term series of modified Bessel functions of the first and second kind and their derivatives [3] [4] [5] [6] . An approximate formula for the total magnetic field exists in the literature that provides acceptable results for distances higher than the pitch of the helix, but gives sharply increasing errors as the field-points approach the twisted three-phase cable. The authors of this paper obtained an innovative formula for the total magnetic field, derived via an heuristic procedure, that is much simpler than the rigorous analytical one. Although being significantly simplified, the proposed innovative formula is proven to be a good approximation for the rms value of the magnetic induction even for distances lower than the pitch of the helix and quite close to its axis, as shown by case-studies relevant to a single-circuit twisted power cable line [7] [8] [9] [10] . Since Italian utilities are interested also in double-circuit twisted OverHead Cable Lines (OHCL), as well as in multiple-circuit underground cable lines, in this paper the proposed innovative formula is extended and applied to double-circuit twisted cable lines. As a first and rather necessary step based on the "worst case assumption", the magnetic field generated by a double-circuit twisted cable line is calculated as the algebraic sum of the two total fields from the single-circuits, each computed via both the exact and the innovative simplified formula and thereby providing the most conservative value of B, that may also serve as an upper reference limit for exposure evaluation. Some casestudies related to double-circuit twisted power cable lines have also proven that, despite the drastic simplification, the proposed innovative formula provides a good approximation for the calculation of the total magnetic field.
Exact and simplified formulae for single-circuit twisted cable lines

Exact formulation
Fig. 1 (after [6] ) shows the basic single-helix case expressed in helical coordinates. Here I is current, is helix pitch, α is helix radius and is the radial distance between the field point and the helix axis. Figure 1 . Helical field components generated by a one-wire helix (after [5] ).
The exact theory for the three-phase case-study calculates the rms values of the radial component, B , the binormal component, B , and the total magnetic field, B, using respectively the following expressions [5, 6] :
(1)
where i.e. all positive integers except = 3 6 9 ; the upper sign applies for = 2 5 8 and the lower for = 1 4 7
Approximate formulation after Pettersson et al.
According to [5, 6] the first term of the series expansions ( = = 1) is so dominant that it can serve as an approximation of the whole sum for proper values of the variable . In this case the total field reduces to:
where F is the so-called "twist factor" and expresses the field reduction involved by twisting the conductors:
Simplified innovative formulation
A parametric analysis [7] [8] [9] [10] has shown that the secondorder approximation ( = = 2) is an excellent approximation of the exact solution because it results always better than the first-order one and moreover always overestimates the field compared to the exact one (which is desirable from an engineering point of view, since it is conservative). According to the above observation, the exact solution (Eq. 3) should be better reprocessed in order to find an alternative approximate expression that simplifies the exact calculation. By setting:
Eq. (3) simplifies as follows:
with µ 0 = 4π10 − 1 µH/ in order for B to result directly in µT . Since the quantity 2 4π 2 Iα 2 does not depend on the radial distance from the helix axis , the square root term A -that contains the Bessel function series -is the single term that determines the dependence of total magnetic field B on .
The fundamental clue for finding the innovative formula has been gained by noticing that the dependence of the natural logarithm of B on radial distance is nearly linear, with a slight deviation from linearity (of hyperbolic type) only for small values of . This means that the field can be approximated with the equation of a straight line plus a hyperbolic term which vanishes rapidly by increasing , as follows:
Subsequently, on the basis of Eq. (7), Eq. (8) has been reprocessed as follows:
being:
• ln I = (I), known and trivial function of I;
• ln G = ln After several tests, the value of 2 = 0 1 has been set, while for parameter 3 the value that minimizes the overall error has been chosen case by case with varying α according to the above requirement of a positive error not exceeding 10%. A second phase of analysis is based on the fact that the parameters 0 , 1 and 3 are functions of both pitch and radius of the helix. Therefore, using the techniques outlined above for the minimization of the error with respect to the exact formulation (Eq. (3)), analytical approximated expressions of 0 , 1 and 3 have been obtained that represent the dependence of these parameters on both radius and pitch of the helix. To do so, a great number of simulations has been performed, taking again into consideration the various types of cables commercially available, each one characterized by different values of α and , and so by different values of the parameters 0 , 1 and 3 . All these simulations show that parameters 0 , 1 and 3 exhibit the following common behaviour for all the cables treated. Parameter 0 is a second-degree function of the pitch , so an adequate representation of its dependence on the pitch is as follows: 0 = 00 + 01 · + 02 · 2 ; parameters 00 , 01 and 02 are in turn second-degree functions of the radius α. Considering all the above (Fig. 2) the following analytical approximated expression of 0 as a function of and α has been obtained: 
As far as parameter 1 is concerned, the results of all the cases of the cables treated show that the dependence of this parameter on the radius α, with fixed, can be represented as an horizontal straight line. Thus parameter 1 depends only on p and more precisely it is a thirddegree function of the pitch . Taking into consideration these arguments (Fig. 3) and minimizing the error, the following analytical approximated expression of 1 as a function of has been obtained:
Finally, all the cables treated show that parameter 3 is a function of both pitch and radius of the helix (Fig. 4 ): in fact, 3 is a first-degree function of the pitch so it can be approximated with a straight line 3 At this point, the heuristic parametric analysis is concluded having established two levels of approximation of different complexity:
1. the first level of approximation, which consists in calculating the numerical values of parameters 0 , 2. the second level of approximation, which consists in explaining the dependence of these parameters on radius and pitch of the helix by defining the approximate functional relationships based on the numerical values of 0 , 1 and 3 previously obtained. The advantage of the 2 nd level of approximation is the analytical representation of the dependence of B on and α, whereas its disadvantage is the greater error on the value of B because of the further level of heuristic approximation.
Application
The simplified innovative formula developed here is applied to a type of three-phase twisted cable frequently used in MV, i.e. the cable named ARE4H1RX after [11] ; the considered cable has the following main characteristics: conductor cross-section 3 × 120 mm 2 , rated voltage 12(phase to ground)/20(phase-to-phase) kV, ampacity I = 288 A, pitch = 1 30 m, radius α = 0 019 m [11] . The application consists of a comparison between the values of rms magnetic induction provided by the exact formula (Eq. (3)), the innovative simplified formula (Eq. (9)) in both levels of approximation and the approximated formula from the literature (Eq. (4) Table 1 . Fig. 5 and Table 1 show clearly that the error of the simplified innovative formula in the first level of approximation is always much smaller than the error of the approximate formula from the literature, never exceeding a few % even for small values of the distance r apart a value ∼10% for = 0 3 m. Moreover, Table 1 shows that Eq. (4) underestimates B, while Eq. (9) mostly overestimates B, thereby resulting to be conservative.
As to the second level of approximation, the same considerations hold, apart distances higher than, say, 1.4 m, where the absolute error of the simplified innovative formula in the second level of approximation is practically the same as the error of the approximate formula: this is the price paid to the further level of approximation. However, in this range (and mostly elsewhere) the second level of approximation overestimates B, whereas Eq. (4) underestimates B; hence -as the first level of approximation -also second level provides a conservative estimate with respect to the literature approximation. Table 2 .
From the viewpoint of the performances of B vs. B , considerations very similar to those made for the previous case hold in this case, too. Indeed, Fig. 6 shows clearly that the error of the simplified innovative formula in second level of approximation is always much smaller than the error of the approximate formula from the literature, never exceeding a few % even for small values of the distance and tending to 0. provided by innovative Eq. (9) remain much lower that those provided by Eq. (4) and always positive.
As to the second level of approximation, the same considerations hold, apart distances higher than, say, 1.0 m, where the absolute error of the simplified innovative formula in the second level of approximation is practically the same as the error of the approximate formula. However, the second level of approximation always overestimates B, whereas Eq. (4) underestimates B; hence it provides a conservative estimate with respect to the literature approximation.
For the same underground configuration of Fig. 6 , the values of B , B 1 , B 2 , B calculated 1 m above the soil level as a function of the distance from the cable axis are shown in Fig. 7 in linear coordinates again, and the percent errors of B 1 , B 2 , B with respect to B are reported in Table 3 .
Most comments relevant to previous Fig. 6 hold in the case of Fig. 7 , too. Indeed, this case-study confirms that the error involved by the simplified innovative formula (Eq. (9)) in the first level of approximation with respect to the exact formulation is not only much lower than that brought about by the approximated formula from the literature (Eq. (4)), but also fairly small and mostly positive, thereby implying a conservative overestimation of the field. This proves the satisfactory behaviour of the proposed simplified formula (Eq. (9)) in comparison with the approximated formula from the literature (Eq. (4)) not only for all the cases treated here, but also in broader terms. Indeed, when considering that very similar results where obtained in [7] [8] [9] [10] for a different cable type, these considerations can be regarded as valid for all cable types commonly employed in distribution networks. As to the second level of approximation, similar considerations hold, apart distances lower than, say, 0.7 m, where the absolute error of the simplified innovative formula in the second level of approximation is practically the same as the error of the approximate formula. However, this case-study confirms that the second level of approximation always overestimates B, whereas (Eq. (4)) underestimates B; hence it provides a conservative estimate with respect to the literature approximation not only for all the cases treated here, but also in broader terms. Indeed, when considering that very similar results where obtained in [10] for a different cable type, these considerations can be regarded as valid for all cable types commonly employed in distribution networks.
Exact and simplified formulae for double-circuit twisted cable lines
Exact and approximated theory
Here, both the exact and the simplified innovative formulation are extended and applied to double-circuit twisted cable lines, making the hypothesis that the currents carried by both cables are in-phase. Because of the linearity of the medium, the study of the magnetic field from a double-circuit twisted three-phase cable line is based on the superposition principle, which implies that the magnetic field generated by each circuit can be calculated separately at every field-point and then the two individual magnetic fields can be composed linearly. As far as this composition is concerned, the simplest and also the most approximated approach was followed, which is the so-called "worst case estimate". In this approach the magnetic field generated by the double-circuit is calculated as the algebraic sum of the two rms values of the field B generated by each twisted cable. Thus, by calculating the rms values of the total field B from circuit 1 and 2 according to the exact formula (Eq. (3)), B 1 and B 2 , respectively, one obtains the "worst case" estimate of B generated by the double circuit, B W C , i.e.:
The main reason for this choice is that the expression of the magnetic field according to the "worst case estimate" is the most conservative one, since in every case the "worst case estimate" of the magnetic field will be equal or higher than the real actual one, hence it can still serve as an upper limit reference for exposure evaluation purposes when the geometry of the power cable lines is not known. In fact, the "worst case estimate" is drastically approximated, but on the other hand the exact vector sum requires knowing an amount of information -such as the precise geometrical arrangement of the three phases of each twisted cable -and setting computational hypotheses -such as the constancy of the pitch of the single helix and also the constancy of the perfect parallelism of the two helixes -which can hardly be matched in the actual working conditions. Additionally, this "worst case" consideration is likely to occur at some field-points under consideration, which makes reasonable the choice to calculate the value of the magnetic field generated by both twisted conductors as the algebraic sum of each rms value. Equation (10) can be further simplified by using the simplified innovative formula (Eq. (9)) in both levels of approximation to express the rms values of field B from circuit 1 and 2, B 1 , and B 2 , respectively, and then by composing them according to the worst-case approach, thereby attaining:
Application
By implementing this theoretical approach in Matlab™ environment, a script is obtained which -given the coordinates of the first twisted cable ( 1 1 ) and of the second twisted cable ( 2 2 ) in a 2-dimensional Cartesian reference system orthogonal to line axis, where line axis is located at = 0 and ground level is located at = 0 -calculates the value of the magnetic field generated by the double-circuit twisted three-phase power cable line along a horizontal line parallel to the to the ground and placed at a certain vertical distance H from the cables. This script uses equations (10)- (11), plus the exact formula (Eq. (3)) and the simplified formula (Eq. (9)) for B 1 , B 2 and B 1 , B 2 respectively, and has been applied in three cases taking into account different types of the cable ARE4H1RX 12/20 kV and different geometric configurations.
First Case: The two twisted cable circuits are attached on opposite sides of poles and placed at the same height from the ground; the distance between them is = 0 90 m. For the sake of clarity, let us assume that cable number 1 is the twisted cable located in the semi-space where < 0, whereas cable number 2 is located in the semi-space where > 0. Let us consider the mid-span section, where the distance between the cables and the ground is minimum (∼6 m) and the field at the ground level is maximum. The two twisted cable circuits are ARE4H1RX cables [12] with cross-section 3 × 120 mm 2 , rated voltage 12(phase-toground)/20(phase-to-phase) kV, ampacity I = 288 A, pitch = 1 30 m, radius α = 0 019 m. The field points lie on a straight horizontal line whose vertical distance from the conductors is H = 1 0 m; field points spread from −1.5 m to 1.5 m at both ends of the pole. The results of the first case-study are illustrated in Fig. 8 , which displays the plots of B W C , B W C 1 and B W C 2 vs. horizontal distance from the pole at distance H = 1 0 m from both the conductors, and in Table 4 , which reports the (11)) is fairly small -around a few percent on most of the range covered by field points: the maximum error is ∼6% for the 1 st level of approximation and ∼9% for the 2 nd -and always positive, thereby implying a conservative overestimation of the field. Second Case: Same as the first case, excepted that cable 2 has a larger cross-section than cable 1, namely 3×185 mm 2 , thus larger ampacity I = 365 A, pitch = 1 43 m and radius α = 0 021 m. The results of the second case simulations are shown in Fig. 9 and Table 5 . The field generated by the larger cross-section cable tends to prevail. However, as in the first case study, the errors computed by the application of the simplified innovative formula (Eq. (11)) are small -the maximum error is ∼6% for the 1 st level of approximation and ∼9% for the 2 ndand positive. Third Case: Same overall arrangement as in the second case excepted that the field points lie on a straight horizontal line whose vertical distance from cable 1 is H 1 = 1 0 m and from cable 2 is H 2 = 1 5 m. Fig. 10 and Table 6 show the results of the third case simulation developed in MATLAB™ environment. As it can be argued from Fig. 10 , the contribution of cable 2 to the magnetic field generated by this double-circuit configuration, even if it carries a larger current than cable 1, is drastically overwhelmed by the greater distance from field points at which it is located with respect to cable 1. The errors exhibit more or less the same behaviour as in the other two cases, being relatively small and positive. These three cases take into consideration the geometry of an overhead twisted double-circuit power cable line, but the same theoretical approach can be followed for underground twisted cables. These latter cases present greater interest since they represent the majority of the twisted double-circuit power cable lines actually used by the electric companies and since the twisted cables are usually buried 0.8 m below ground, the distances between field-points and cables considered in this paper gain practical interest. The magnetic field generated by twisted power cable lines is drastically reduced with distance because of the twisted geometry and after just a few meters assumes very small, almost non measurable, values. The simulations made in this paper consider distances from 0.5 up to 1.5 m which is a very rare case for an overhead power cable line since the conductors are situated much higher, but is a typical case for underground power cable lines. As a final remark, it is essential to remind the hypothesis considered at the beginning of this analysis, i.e. that all the approximations made for the derivation of the simplified formulae consider distance from 0. 
Conclusions
In this paper, the exact and approximate theory for the calculation of the magnetic field generated by a twisted three-phase cable configuration was presented. As shown in the first part of this paper, the literature approximation provides acceptable results for large distances from the helix axis only, whereas for distances close to the conductor exhibits large errors compared to the exact expression of the magnetic field. For this reason, a parametric heuristic analysis is performed that results in an innovative simplified expression of the rms magnetic induction as a function of the distance from the helix axis. This innovative expression approximates the logarithm of B with the equation of a straight line plus a hyperbolic term for simulating the deviation from linearity close to the helix axis. The effectiveness of the innovative expression is evaluated by carrying out some numerical simulations relevant to a typical MV cable in order to compare the results provided by the exact and the approximate formulae from the literature with those obtained via the innovative simplified formula.
The results of these simulations show that the error involved by the innovative simplified formula in the first level of approximation is always smaller than that brought about by the approximate formula from the literature, both for small and for large distances from the helix axis. In conclusion, it can be said that the innovative formula in the first level of approximation results definitely much simpler than the exact one and provides a much smaller relative error compared to the approximated one from the literature, especially for small distances from the helix axis. As to the second level of approximation, similar same considerations hold, apart some field point ranges where the absolute error of the simplified innovative formula in the second level of approximation is practically the same as the error of the approximate formula from the literature: this is the price paid to the further level of approximation. However, in these ranges (and mostly elsewhere) the second level of approximation overestimates B, contrarily to the approximated one from the literature; hence -as the first level of approximation -also the second level provides a conservative estimate with respect to the literature approximation. Subsequently, the overhead double-circuit twisted threephase power cable line was treated following the "worst case" approach which implies the algebraic sum of the two individual values of the magnetic field from each twisted three-phase single-circuit according to the superposition principle. The "worst case" assumption for the calculation of the magnetic field is an inevitable fact due to the objective practical difficulties that make hard to obtain significant information that would permit an exact vector analysis of this complex configuration.
The expression B W C , is calculated using the exact, complicated expressions of the total magnetic field, while the expression B W C is calculated using the innovative simplified formula in both its levels of approximation and its effectiveness is also proved by some numerical simulations relevant to a typical MV cable. The authors of this paper conclude their investigation by proposing B W C as the alternative way of calculating the magnetic field generated by double-circuit twisted three-phase power cable lines. This proposal is based on the advantages brought by this innovative expression which lie on its simplicity -an algebraic sum of the two rms values of the total field B generated by each twisted cable that are calculated without using sophisticated mathematicsand on its reliability -the maximum error presented is ∼6% and the overall error is mostly positive providing a conservative estimation of the magnetic field. As far as this estimation is taken into account -the estimation of the magnetic field under normal operating conditions can be used to discriminate any possible anomalies that would significantly alter the generated field -the proposed calculation method can be used as a diagnostic tool for fault detection. The next step to complete this analysis will be a series of measures of the magnetic field generated by twisted three-phase cable configurations in the actual work field that will provide experimental verification of this theoretical investigation and will confirm the validity of this proposed model.
